Nineteen analytic potential energy functions (PEFs) for aluminum (three pairwise additive ones, six nonpairwise additive ones with three-body terms, and ten embedded atom-type PEFs) were obtained from the literature. The PEFs were tested and reparametrized using a diverse training set that includes 20 potential energy curves and a total of 224 geometries for five aluminum clusters Al N (N ) 2, 3, 4, 7, and 13) computed using hybrid density functional theory, as well as the experimental face-centered cubic cohesive energy and lattice constant. The best PEFs from the literature have mean unsigned errors (MUEs) over the clusters in the data set of ∼0.12 eV/atom. The best reparametrized PEFs from the literature have MUEs of 0.06 eV/atom. The data set is also used to develop, parametrize, and systematically study the effectiveness of several functional forms designed specifically to model many-body effects in clusters, including bond angle, screening, and coordination number effects; a total of eighteen new PEFs are proposed and tested. The best potential overall has an MUE of 0.05 eV/atom, explicitly includes screening and coordination number effects, features linear scaling, and incorporates the accurate two-body and bulk limits.
I. Introduction
In a molecular dynamics simulation, a set of atomic coordinates or a wave function evolves in time according to Newton's or Schrödinger's equation of motion. Within the BornOppenheimer approximation, 1,2 all of the relevant information for such a calculation is contained in the masses of the atoms and in the potential energy function (PEF), which describes the variation of the ground-state electronic energy as a function of the nuclear coordinates. The evaluation of the accuracy of a PEF is therefore a prerequisite for interpreting the results of any dynamical calculation in which it is used.
Numerous methods exist for computing PEFs for metallic systems and provide varying compromises of accuracy and computational affordability. For aluminum systems containing up to several hundred atoms, the PEF may be calculated using quantum mechanical methods such as hybrid density functional theory 3, 4 (HDFT) with an accurate basis set for small systems (<20 atoms), HDFT with effective core potentials [5] [6] [7] [8] [9] for systems containing up to ∼100 atoms, and tight-binding methods 10 for larger systems. For still larger systems, such as those used for studying the mechanical properties of nanostructured materials, simulations often contain at least 100 structural units of the material, i.e., millions or even billions of atoms. Simulations of this size require PEFs that may be evaluated rapidly and inexpensively, such as analytic PEFs. Inexpensive PEFs are also important for simulations of smaller systems when modeling processes with long time scales or sampling various initial conditions, temperatures, pressures, etc.
Analytic PEFs may be developed and justified in a variety of ways, but for large systems they are most often validated by comparing the results of a simulation with some set of known (e.g., experimental) results. This method is often indirect, and it may not be clear whether the success or failure of a PEF is due to the PEF itself, the dynamical method, or uncertainties in the experimental situation. More importantly, it is desirable to develop PEFs that may be used to simulate events that cannot be easily observed in the laboratory or that are not yet well understood, and it is quite possible that there are no experimental data available that are sensitive to the full domain of the PEF that is required to simulate such processes. A second, more direct method for validating PEFs involves comparing the energies and forces predicted by a PEF over a range of geometries representative of the simulation of interest with the results of electronic structure calculations. It is often difficult to determine beforehand which configurations will be important for a simulation, and large numbers of expensive calculations using high-level electronic structure calculations may be required to sample the important geometries sufficiently. Furthermore, it is often not clear if even high-level electronic structure calculations are themselves accurate, especially for systems involving metals.
The goal of this paper is to test and develop analytic PEFs for aluminum clusters using the second, more direct approach. We have previously developed 11 a data set of accurate aluminum cluster energies using the PBE0 hybrid density functional theory [12] [13] [14] (HDFT) with the MG3 basis set, 15, 16 which was found to be the most accurate of several HDFT methods tested for small aluminum clusters. 11 The data set has been augmented slightly in the present work, and the augmented set includes 224 geometries for Al N clusters with N ) 2, 4, 5, 7, and 13.
A total of nineteen analytic PEFs that have previously been developed for aluminum have been collected from the literature.
We have attempted to include well-tested PEFs that feature various theoretical models and parametrization schemes. First, the collected PEFs are evaluated using the aluminum cluster data set along with the experimental face centered cubic (FCC) cohesive energy and lattice constant. Next, we evaluate the relative applicability and flexibility of the various functional forms themselves by reparametrizing the PEFs against the aluminum cluster data set and the experimental cohesive energy and lattice constant using a microgenetic 17, 18 algorithm.
Another goal of the present paper is to systematically study many-body effects in aluminum clusters and test several functional forms, not previously applied to aluminum, that were designed specifically to model these effects.
The paper is organized as follows. Section II summarizes the PBE0/MG3 aluminum cluster data set as well as the methods used to evaluate the PEFs and optimize their parameters. Section III summarizes the analytic PEFs obtained from the literature and several additional functional forms that we designed to model many-body effects in metal clusters. Section IV contains results and discussion, and section V is a summary.
II. PEF Evaluation and Optimization
The test set is composed of several computed aluminum cluster energies as well as the experimental FCC cohesive energy and lattice constant. In a previous paper, 11 the PBE0 hybrid density functional theory [12] [13] [14] (HDFT) method with the MG3 basis set 15, 16 was validated for aluminum clusters by comparing the results of several HDFT methods with more accurate calculations for a test set of small cluster energies. The PBE0/MG3 method was found to be the most accurate of several HDFT methods tested with an MUE of only 0.01 eV/atom averaged over a data set of small clusters. 11 The PBE0/MG3 method was then used 11 to develop a data set of energies for 190 geometries, including five cluster sizes Al Nk , where N k ) 2, 3, 4, 7, and 13 for k ) 1, ..., 5, respectively. The data set has been augmented slightly in the present work with 34 additional Al 2 calculations for a total of 224 energies.
Also considered in the evaluation of the PEFs are the bulk cohesive energies E b for an FCC crystal with two different lattice constants: the experimental lattice constant a e , which equals 4.022 Å when finite-temperature and zero-point effects are removed, 19 and the lattice constant corresponding to the minimum-energy lattice constant of the PEF, which we will denote a m . The two energies are labeled E b (a e ) and E b (a m ), and their difference provides an indirect measure of the accuracy of the fitted lattice constant a m . The cohesive energy of a cluster is the atomization energy of the cluster divided by the number of atoms in the cluster. The bulk cohesive energy E b for an arbitrary value of a is approximated by computing the cohesive energies Q N (a) for two FCC quasispherical clusters (QSCs) with N ) 55 and 321 and lattice constant a and extrapolating to infinite N by assuming a linear dependence on N -1/3 , i.e.,
We verified that the linear relationship in eq 1 is a good approximation for the analytic PEFs considered here and that extrapolating from the two QSC energies (for Al 55 and Al 321 ) provides a good estimate (for N g 55) of the value obtained by fitting to a larger series of QSC energies with various large values of N. The lattice constant a m predicted by the PEF is obtained by finding the minimum of E b (a) with respect to a.
Several mean unsigned errors (MUEs) were calculated using the test set as follows. Let E k i stand for the PBE0/MG3 energy of geometry i for cluster size N k , where i ) 1, ..., n k , i.e., n k is the number of geometries included in the test set of cluster size N k . Similarly, the corresponding energy computed for one of the analytic PEFs is G k i . In each case we take the zero of energy as the energy of the infinitely separated atoms in the ground state. Thus, if the absolute energies from the PBE0/ MG3 and analytic PEF calculations are e k i and g k i , respectively, we have and where e 1 1 and g 1 1 are atomic energies. The unsigned error for each geometry in the data set is
The unsigned error in the energy difference of any pair of geometries, i and i′, of a single cluster size N k is and this error measures the accuracy of the shape of the PEF. The MUE per atom for each cluster size N k is defined as
The average error for the five cluster sizes (i.e., the average of k , k ) 1-5) is labeled c . The unsigned error in the bulk cohesive energy is given by where E b e is the experimental FCC bulk cohesive energy for aluminum 20,21 (3.43 eV) and excludes vibrational zero-point contributions as discussed elsewhere. 11 The "total" MUE per atom is the weighted average of b and the five values of k :
where In eq 8, the five per-atom MUEs for the clusters k are weighted according to their cluster sizes, thus giving more relative weight to the Al 13 data points than to the smaller clusters. The experimental bulk cohesive energy and lattice constant are included in the data set with a small relative weight to test whether the analytic PEFs are reasonable for clusters larger than Al 13 and to ensure that the newly parametrized models extrapolate in a reasonable, even if not quantitative, way to the bulk limit, but it is not the goal of this paper to develop analytic PEFs that predict quantitative values for bulk properties.
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A microgenetic algorithm 17, 18 was used to optimize a set of parameters using eq 8 as the unfitness function. Note that to avoid a relatively expensive calculation, E b (a m ) was approximated during the reparametrization procedure by fitting E b (a) with three different values of a (1.1a e , a e , and 0.9a e ) to a parabola and setting a m equal to the value of a at the minimum of the parabola. This approximation was used only during the fitting procedure, and whenever errors are tabulated in the present paper, eq 1 is minimized numerically to obtain a m and E b (a m ).
Using a microgenetic algorithm does not guarantee that the best set of parameters for a particular error function (unfitness function) is found (because the optimization may converge to a local minimum), and often several sets of parameters may be found that give similar values for the unfitness function but have varying distributions of errors over the data set. Furthermore, the microgenetic algorithm may determine a "best" set of parameters that no longer has a physically meaningful interpretation. We have, however, attempted a thorough search of parameter space by optimizing several initial guesses for the parameters for each PEF, and in every case we continued the optimization until we found a physically meaningful set of parameters that gave the smallest value we could obtain for . Therefore, the results allow for a discussion of the relative success of each type of PEF, which is a goal of the present paper.
III. Potential Energy Functions
In this section, nineteen PEFs for aluminum that have been collected from the literature are described and categorized. (Note that the term PEF is used to indicate a particular functional form and a particular choice of parameters.) We do not present an exhaustive review of the available PEFs (see refs 22 and 23 for recent reviews of PEFs parametrized for a variety of materials systems, including aluminum), but we have attempted to include PEFs featuring several different functional forms based on a variety of different theoretical justifications or empirical strategies. When PEFs are coded from the literature, it is always possible that a typographical error is present in the published work. We hope that we do not misrepresent the accuracy or inaccuracy of any PEF due to such an error, and we encourage authors to make their PEFs available in online databases such as POTLIB-online 24 (where all of the PEFs mentioned in this article are available for download as Fortran routines). Several PEFs that have not been previously parametrized for aluminum are also presented and discussed.
III.A. Pairwise Additive PEFs. In the absence of external forces, the total energy of N interacting atoms may be written as 25 where V N is the sum of N-body interaction energies; i.e., V 1 is the energy of N infinitely separated atoms, and R R denotes the coordinates of atom R. Note that the zero of energy is defined such that V 1 ) 0 for all of the PEFs considered in the present work.
It is not clear how quickly the sum in eq 10 converges, especially for metals, which have long-range correlations. Nevertheless it is a popular approach to truncate eq 10, often at only two or a few terms. PEFs that truncate the expansion at V 2 are called pairwise additive (PA), and they are well-known to be inadequate for quantitative work. [26] [27] [28] [29] Four pairwiseadditive PEFs are considered in the present work, three of which have been previously parametrized for aluminum.
Halicioǧlu and Pound 30 (HalP) parametrized a Lennard-Jones PEF for cubic metals by fitting to the crystal properties of aluminum. The PEF may be written in the general form where σ ) (n/m) 1/(m-n) R e , R e denotes the minimum-energy bond distance of the two-body interaction, and m > n.
The Pettifor-Ward (PetW) potential has the form and it was developed for simple metals and applied to study structural phase transitions. 31 The parameters were obtained using second-order pseudopotential theory. 32, 33 Hase and co-workers (deSPH) used a Morse curve with a parametrized range parameter to model aluminum clusters. 34 The PEF (which we will call deSPH/M) has the form where and The deSPH/M PEF was developed to model Al 6 by fitting to the bond distances and frequencies for Al 6 predicted by a Lennard-Jones/Axilrod-Teller analytic PEF (labeled deSPH/ LJAT and included in section III.D).
The extended Rydberg 25, 35 (ER) functional form is where Y R is given in eq 18. This PEF has not previously been parametrized for aluminum; it is introduced here because it is flexible enough to provide an accurate representation of V 2 . Parameters for the PA PEFs obtained from the literature are given in the first numerical column of Table 1 ; optimized values in the tables are explained in section IV.B.
III.B. Functional Forms for Explicit Many-Body Effects. One strategy for modeling many-body effects is to modify a two-body interaction in the presence of nearby atoms, i.e., where f R MB is a many-body function that is a function of all bond distances in the system involving either atom R or atom ; because f R MB is designed to model many-body effects, it
equals unity when atoms R and are close to each other and are far from all other atoms. As an alternate to eq 20, one may write where U′ 2 (R R ) need not be the same as U 2 (R R ). Obviously, eq 20 is simpler, but eq 21 provides additional flexibility, and both strategies are pursued. We consider three functional forms for the many-body function; they are designed to model screening, bond-angle, and coordination number effects, respectively. The screening function, developed by Ho and co-workers, [36] [37] [38] [39] has the form where Next, we consider two new many-body functions developed specifically for the present work. First is a bond angle (BA) function capable of modeling three-and four-body effects:
The screening and bond-angle functions are closely related, and both model the physical effect of weakening the interaction of two atoms in the presence of other atoms. Note that the screening function in eq 22 depends on the bond distance R R of the interaction being weakened, whereas the bond angle function in eq 24 does not.
Finally, we consider the effect of coordination number. The effective coordination number of atom R is defined as where g R depends on all of the internuclear distances involving atom R, and i.e., eq 26 counts the number of atoms near atom R, weighted by their distance from atom R using the weighting function in eq 27. The functional form for the coordination number (CN) term is where and d, γ, and g 0 are adjustable parameters. It is convenient to think of g 0 as a reference coordination number. Equation 29 always has a value between zero and unity, so that the effect of eq 28 is to weaken the R-bond as the number of nearby neighbors increases.
The screening function has not been previously parametrized for aluminum, and the bond angle and coordination number functions are newly presented in this work. All three functional forms may be implemented using eq 20, where they will be labeled S, BA, and CN, respectively, or using the extended (E) form in eq 21, where they will be labeled ES, EBA, and ECN, respectively.
III.C. Embedded-Atom (EA) Methods. Another approach to developing analytic PEFs that is widely applied to bulk systems incorporates many-body effects by considering the energy required to place an impurity (an atom) into a lattice. 40 In this approach the energetic effects of this placement are represented by an embedding function F R , which is a function of the local electron density. PEFs based on this approach have the general form where U 2 is an effective two-body interaction, and F R is an energy functional that, in general, depends on the local electron density at atom R and therefore on the geometry of the system. Several applications of eq 30 have appeared which vary in their derivations and prescriptions for U 2 and F R . Very often the embedding function F R is written as the square root of a densitylike quantity such as a sum of exponentials. We refer to PEFs based on eq 30 as embedded-atom-type, or for simplicity, as embedded atom (EA) methods, and this category includes the "glue", 41, 42 Finnis-Sinclair, 43 second-moment approximation to tight binding, 44, 45 Sutton-Chen, 46 and several other related [47] [48] [49] methods. Nine EA PEFs that have been previously parametrized for aluminum are considered in the present work. In addition, one PEF based on effective medium theory 50 (EMT), which is similar to the EA approach, is also included. (Note that for convenience the EMT PEF is grouped with the EA PEFs.)
The Gollisch 51 (Gol) PEF was used to study molecular, cluster, and surface properties and uses an exponential embedding function. It has The parameters for the Gol PEF were determined from the bulk properties of aluminum. The PEF of Betz and Husinsky (BetH) was used to simulate collisions of aluminum clusters with a copper surface. 52 The functional form is mathematically identical to eqs 31 and 32 with n ) 1 / 2 . The parameters for the BetH PEF were determined by fitting to the lattice constant, cohesive energy, bulk modulus, and average shear modulus of aluminum.
Three PEFs based on the second-moment approximation to tight binding 44, 45 (TB-µ 2 ) are included. The TB-µ 2 functional form is usually applied with and We note that eqs 33 and 34 are mathematically equivalent to eqs 31 and 32 with n ) 1 / 2 . The Cleri-Rosato 53 (CleR) PEF was applied to point-defect properties, lattice dynamics, and finite temperature behavior of metals and alloys, and its parameters were determined 53 from the experimental values of the cohesive energy, lattice parameter, and elastic constants of aluminum. The Al-only limits of two TB-µ 2 PEFs developed by Papaconstantopoulos and co-workers (PapCEP and Pap-KEP) 54, 55 that were developed to model Al-Ni alloys are also tested. These PEFs were developed 54, 55 by fitting to ab initio calculations of the bulk structure.
The Sutton-Chen 46 (SutC) PEF uses and terms involving R R -m in the embedding function
Parameters for the SutC PEF were determined 46 by fitting to the crystal structure, cohesive energy, bulk modulus, and elastic constants of aluminum. Mei and Davenport (MeiD) developed parameters for aluminum 56 for a modified embedded atom PEF. 57 The parameters were determined to reproduce the experimental cohesive energy, lattice constant, vacancy-formation energy, and elastic constants at 0 K. The functional form is given by where and R n and R c equal 1.75 R 0 and 1.95 R 0 , respectively.
Streitz and Mintmire (StrM) developed a PEF for use in modeling the oxidation of bulk aluminum, which was fitted to experimental data for the FCC crystal. 58 The metal-only part of the PEF is included in the present work. This PEF uses and an embedding function equivalent to those given in eqs 32 and 34
Mishin, Farkas, Mehl, and Papaconstantopoulos (MisFMP) developed and fit a PEF 59 based on experimental and ab initio calculations of the bulk metal. The PEF has and where and The Jacobsen (Jac) PEF 60 is based on EMT and may be written in the form of eq 30, but it less awkward to write it as follows:
where
The parameters were determined 60 with the help of local density functional calculations. This PEF was used to study the cohesive properties of metals. Parameters for the EA PEFs obtained from the literature are given in Table 2 .
III.D. Nonpairwise Additive Potentials with Two-and
Three-Body Terms. Numerous other three-body terms have been developed to model various physical effects, and several PEFs that include such terms are considered in the present work. We denote PEFs based on eq 10 and truncated at V 3 as nonpairwise additive (NPA) PEFs. Of course, the PEFs of sections III.B and III.C can also be called nonpairwise, but we will use NPA to refer to the PEFs discussed here because they explicitly add two-body and three-body effects.
Erkoç proposed three PEFs for aluminum that are included in the present paper. The first two PEFs (which he labeled IV and V and which we will call ErkIV and ErkV) have the form [61] [62] [63] where f R γ is a heuristic three-body term given by Parameters for the ErkIV PEF 61,62 were obtained by fitting U 2 
(55)
to diatomic data, and then using the remaining parameter in U 3 to obtain the correct cohesive energy. The ErkV PEF 63 differs from the ErkIV PEF only in the values of A and B, which were reparametrized using a bulk stability condition. The Axilrod-Teller (AT) triple-dipole term 64 was designed to model long-range dispersion interactions and has been shown to be important for the quantitative modeling of rare gases and inert condensed phase materials 26,29 including interactions with carbon nanotubes. 28 Three PEFs that include the AT term are considered. Erkoç developed 65 a PEF called VIII (which we call ErkVIII) for FCC systems and parametrized it to experimental bulk quantities:
where is the Axilrod-Teller triple-dipole term, 64 is the next leading term in the triple-dipole expansion, and ϑ R is the -R-γ bond angle (similarly ϑ and ϑ γ are the R--γ and R-γ-bond angles).
The next two PEFs that are considered have the same functional form but have different sets of parameters. The PEFs of Pearson et al. 66 (PeaTHT) and Hase and co-workers 34 (deSPH/ LJAT) both use the Lennard-Jones two-body interaction in eq 14 and the Axilrod-Teller three-body term where G R γ is given in eq 62. The parameters for the PeaTHT PEF were obtained by fitting to the equilibrium bond lengths of the dimer and trimer and the lattice parameter and cohesive energy of bulk aluminum. The deSPH/LJAT PEF parameters were obtained by fitting to ab initio calculations for Al N (N ) 2-6, 13) clusters. Table 3 .
No PEFs based on eq 10 that explicitly include four-body or higher terms in the expansion were found in the literature for aluminum, and none are considered in the present work.
III.E. Linear Scaling. The computer cost associated with evaluating the PEFs discussed in sections III.A and III.C scales as fast as N 2 for the PA and EA PEFs, and the cost scales as N 3 for the NPA and many-body PEFs in sections III.B and III.D, where N is the number of atoms in the system. Physically, one expects that any single atom in a large system interacts significantly only with nearby atoms and that there is some cutoff distance at which the interaction between two atoms may be set to zero, i.e., the number of significant interactions scales as N. This linear scaling may be introduced smoothly into an analytic PEF using the cutoff function of Stillinger and Weber 69 f CO , which is given by the formula where ∆ is a positive adjustable parameter, and R CO is the distance at which the cutoff goes exactly to zero. Note this function has an infinite number of continuous derivatives for all values of R.
The cutoff function may be applied to two-body terms to three-body terms and to the EA embedding functions; e.g., eq 32 may be rewritten When all of the terms are cut off in this way, the computational cost of the algorithm scales linearly with N for large N. The cutoff functions in eqs 70-73 are incorporated in the PEFs presented in section IV.C but not in those discussed in sections IV.A and IV.B.
IV. Results and Discussion
IV.A. Literature PEFs. The MUEs defined in eqs 6-8 were evaluated for all nineteen literature PEFs discussed in sections
III.A-III.C, and the results are presented in Table 4 . Also shown are the average MUE for the cluster data (labeled c ), i.e., the average of the errors over the five cluster data sets k (k ) 1, ..., 5); a "nonclose" cluster average labeled ˜c that is explained in the next paragraph; and , E b , and a m that are defined in section II. The calculated a m values in Table 4 may be compared to the experimental value 19 of 4.022 Å. (Note that the experimental lattice constant corresponds to a bulk nearest-neighbor distance of 2.844 Å.) Most of the literature PEFs were parametrized for bulk properties, and many of the literature PEFs perform poorly for aluminum clusters. The average value of c for all of the literature PEFs is 1.7 eV/atom, and no PEF from the literature has an MUE for the cluster data that is smaller than 0.12 eV/atom. We note that many of the literature PEFs fitted to experimental data were parametrized using values for the bulk cohesive energy and lattice constant determined at 298 K (3.39 eV and 4.050 Å, respectively). When the electronic energies computed using a PEF are compared to these experimental quantities, it is necessary to remove finite-temperature and zeropoint energy contributions, as discussed in ref 11 for the cohesive energy and in ref 19 for the lattice constant.
The four PEFs that are the least accurate in reproducing the aluminum cluster energies ( c g 3.9 eV/atom) are the HalP, ErkVIII, PeaTHT, and deSPH/LJAT PEFs, and they all employ a Lennard-Jones two-body interaction. This significant error is largely due to several geometries in the data set with compressed atom-atom distances for which the Lennard-Jones two-body interaction predicts very high energies, resulting in large errors. Certainly, an accurate representation of these geometries is important, but the error due to these geometries obscures the evaluation of the PEF for lower energy configurations. Therefore, the MUE over the cluster data was recomputed excluding geometries for which the smallest distance between any two atomic centers is less than 1.98 Å. (The distance 1.98 Å corresponds to the bond distance in the accurate PBE0/MG3 Al 2 curve at which the energy of the repulsive wall is equal to the energy of the dissociated atoms, i.e., it is the smallest classically allowed bond distance for bound Al 2 .) This error is denoted ˜c and is also given in Table 4 . The errors are reduced significantly for the PEFs with Lennard-Jones two-body interactions, as well as for some of the other PEFs, when these compressed geometries are not considered, but the overall trends remain the same.
As expected, the PA PEFs are on average the least accurate group of PEFs, with an average value of c of 4.0 eV/atom. The HalP PEF reproduces the bulk properties (against which it was parametrized) reasonably well but performs poorly over the cluster data set. The PetW PEF was derived entirely from theoretical considerations and was not fitted to any experimental or computed data. The PetW PEF predicts a reasonably accurate lattice constant, but the cohesive energy and cluster energies are qualitatively incorrect. The deSPH/M PEF was parametrized for Al 6 clusters (which are not represented in our test set) and is the most accurate of the PA literature PEFs tested with c ) 0.43 eV/atom. The deSPH/M PEF is also reasonably accurate for the bulk data.
The NPA group of PEFs is more accurate than the PA group, with an average value of c of 2.8 eV/atom. The best NPA PEF from the literature is the ErkIV PEF, which was parametrized to Al 2 data as well as bulk data. Note that due to an error in the bulk data that was used during the original parametrization, 61 the ErkIV PEF does not reproduce the bulk data used here. The ErkV PEF, although improved over the ErkIV PEF to include more bulk properties, does substantially worse for aluminum clusters.
The functional form for the ErkVIII, PeaTHT, and deSPH/ LJAT PEFs consists of a Lennard-Jones two-body interaction and an Axilrod-Teller three-body PEF. The ErkVIII PEF includes an additional three-body dispersion term. All three PEFs perform poorly for aluminum clusters, due in part to the presence of compressed atom-atom distances in the data set, as discussed above. However, even when these data are not considered, as in the ˜c column, these PEFs do poorly for aluminum clusters. The PeaTHT and ErkVIII PEFs were parametrized using bulk data and reproduce the experimental lattice constant reasonably well but have large MUEs (greater than 4.1 eV/atom) over the cluster data in the test set. The deSPH/LJAT PEF was parametrized using computed energies for several aluminum cluster sizes but does not perform well for either the clusters or the bulk data.
The CoxJM PEF has a general three-body functional form, and it performs well for the bulk data (to which it was parametrized) but does considerably less well for the cluster data, although the error is approximately reduced by half when geometries with compressed atom-atom distances are not considered.
The EA PEFs perform much better as a group than the PA and NPA groups of PEFs, with an average value of c of 0.42 eV/atom. All of the EA PEFs were fitted to bulk properties, and all but one (CleR) predicts reasonably accurate lattice constants and cohesive energies. (The poor performance of the CleR PEF could indicate a typographical error in the published parameters for the CleR PEF; the original authors indicate that the CleR PEF predicts these quantities accurately for aluminum. 57 ) The cluster energies are reproduced with varying accuracy for the various EA PEFs, and the errors are not very sensitive to whether geometries with compressed atom-atom distances are included in the test set. The best EA PEF from the literature is the Gol PEF with c ) 0.12 eV/atom.
None of the analytic PEFs obtained from the literature performs accurately enough for aluminum clusters to allow for quantitative work. Furthermore, it is clearly dangerous to employ PEFs for studies outside of their intended range of application.
IV.B. Reparametrized Literature PEFs. The nineteen literature PEFs discussed above were used for a variety of different purposes and parametrized against a variety of different data. It is not possible, therefore, to infer the success or failure of any particular functional form based on the errors in Table  4 . To study the relative flexibility of the various functional forms themselves, the literature PEFs were reparametrized by minimizing the total MUE ( in eq 8) with respect to the available adjustable parameters. The reoptimized parameters are listed in Tables 1-3 , and the MUEs for the reparametrized PEFs are given in Table 5 . Note that some of the eighteen PEFs from the literature have equivalent functional forms, as indicated in Tables 2, 3 , and 5.
Optimizing the parameters for each PEF results in MUEs over the cluster data in the test set that are up to 97% smaller than those for the original PEFs from the literature, with an average improvement of 70%. All three classes of PEFs (PA, NPA, and EA) improve by roughly the same amount overall, with slightly better improvement for the NPA group. Due to the intentionally low weight given to the bulk properties, the errors in the bulk properties occasionally increase upon reparametrization.
As seen from Table 5 , the three PA PEFs are the least accurate reparametrized PEFs overall (with c g 0.33 eV/atom), clearly demonstrating that an effective two-body term is unable to model clusters of varying sizes with quantitative accuracy.
The NPA group is the second most accurate group of reparametrized PEFs. Note that the PeaTHT and deSPH/LJAT PEFs have identical functional forms, and this functional form is labeled LJAT in Table 5 . The most accurate reparametrized NPA PEF (and fifth best reparametrized PEF overall) is the CoxJM PEF with c ) 0.095 eV/atom. The widely used LJAT PEF performs poorly for aluminum clusters, and the additional term in the ErkVIII PEF provides only a modest improvement in (and no improvement in c ) over the LJAT approach.
Next we consider the three simplest EA PEFs: the Gol, GEA (which labels the common functional form used in the BetH, CleR, PapCEP, and PapKEP PEFs), and SutC PEFs. The SutC PEF uses an embedding function involving inverse powers of the bond distance, and Table 5 shows that this approach is less accurate than the Gol and GEA approaches that use exponentialbased embedding functions. The Gol and GEA PEFs differ only in that the Gol PEF allows the exponent in the embedding function (n in eq 32) to vary, whereas for the GEA PEF, n ) 1 / 2 . This additional flexibility results in a 51% smaller cluster MUE for the Gol PEF as compared to the GEA PEF. It is interesting to note that the GEA and Gol PEFs, although very similar in their functional forms, have qualitatively different distributions of errors over the data set. The Gol PEF does well for the cluster energies and poorly for the bulk data, whereas the situation is reversed for the GEA PEF, demonstrating the ambiguity in finding the "best" set of parameters that minimizes a particular error function. Clearly, more than one set of parameters that gives a "small" error may be found with varying error distributions.
The three best reparametrized PEFs overall are the MeiD, StrM, and MisFMP PEFs, which have impressively small total MUEs of only ∼0.05 eV/atom. For all three PEFs, the error is fairly evenly distributed over the data in the test set, but the MeiD and StrM PEFs are slightly more accurate for the cluster data. The StrM PEF uses the same embedding function as the GEA PEF but has a more highly parametrized two-body interaction. This additional flexibility allows for a total MUE that is ∼50% smaller than that of the GEA PEF. The best reparametrized PEF overall is the MeiD PEF, which performs well for both the cluster and bulk data.
IV.C. Many-Body Effects. The most accurate reparametrized PEFs identified in section IV.B (the Gol, MeiD, MisFMP, and StrM PEFs) could be used with some confidence to model aluminum clusters. It is not clear, however, how well these PEFs would perform (i.e., how transferable the reoptimized parameters would be) for systems similar to but not explicitly represented in the data set. Therefore, in this section a systematic examination of the ability of several of the functional forms discussed above to model many-body effects in general is presented.
Many-body effects are especially important for clusters and nanoparticles. In the bulk metal and in the absence of defects, vacancies, and dislocations, every atom has the same number of neighbors, which, moreover, are distributed uniformly in space. In clusters, however, atoms experience a greater variety of exposure to the surface, and hence a larger fraction of these atoms have coordination numbers lower than in the bulk. Table  6 shows the coordination number distribution of the atoms in several quasispherical clusters. For clusters with diameters d e 5 nm, greater than 30% of atoms are surface atoms, and there is a significant distribution of coordination numbers. If second-, third-, etc. nearest neighbors are considered, there is even greater diversity in atomic environments. Furthermore, when modeling the dynamics of energetic processes such as collisions, combustion, or cluster dynamics, high-energy configurations, which involve large displacements from the bulk lattice sites, may be important.
As a first step toward understanding many-body effects in aluminum clusters, the Al 2 data in our test set was used to parametrize the extended Rydberg two-body functional form discussed in section III.A, with linear scaling introduced using the cutoff function in eq 70. Cutoff functions are often introduced after the functional form has been fitted (such as when the PEF is used during a simulation), and the parameters of the cutoff function are chosen such that the magnitude of the cutoff function is close to unity (or exactly unity if a step function is used) when the magnitude of the PEF is appreciable and goes to zero only when the magnitude of the PEF is negligible. This approach requires that convergence with respect to the cutoff distance must be demonstrated.
To avoid this future complication, the cutoff function is built into the functional form, and the parameters of the two-body term U 2 are optimized along with those in f CO . This approach, in general, results in smaller cutoff thresholds, while retaining smooth and accurate functional forms. Specifically, the five parameters in U 2 (see eqs 18 and 19) were optimized simultaneously with the range parameter ∆ in the cutoff function in eq 70. The cutoff distance R CO was not allowed to vary during fitting, and several values of R CO were tested from 5.5 to 7.0 Å. We found that R CO ) 6.5 Å is the minimum distance at which the error in the Al 2 data 2 was less than 0.015 eV/atom and the potential remained smooth. This PEF (fitted to Al 2 data only) is labeled ER2. The fitted ER2 energy curve for Al 2 , the accurate PBE0/MG3 energies for Al 2 , and the cutoff function used in the ER2 PEF is shown in Figure 1 , the MUEs for the ER2 PEF are summarized in Table 7 , and the parameters for the ER2 PEF are in Table 8 .
Note that the isolated Al 2 curve involves a crossing of the 3 Π u and 3 Σ g -electronic states near the equilibrium distance for both curves, as discussed elsewhere 68 and as seen in the accurate electronic structure data in Figure 1 . We chose not to fit these data to two curves, but rather to a curve that is smooth for all values of the bond distance. The fitted equilibrium bond distance 2.65 Å is slightly smaller than the experimental value 70,71 of 2.70 Å due to this effect. The dissociation energy was not allowed to exceed 1.55 eV during the fitting procedure.
The extended Rydberg functional form provided a good fit to the two-body interaction ( 2 ) 0.013 eV/atom), and other functional forms for the diatomic curve were not pursued. It can be seen from Table 7 that the ER2 PEF performs poorly for all but the Al 2 clusters, clearly demonstrating the presence of many-body effects in our data set.
For comparison, the extended Rydberg functional form with a 6.5 Å cutoff was parametrized against the entire data set, and this PEF is labeled ER in Tables 7 and 8 , where the errors and parameters are given. The total MUE for the ER PEF is 0.32 eV/atom, which is slightly more accurate than the deSPH/M PEF, the most accurate PA PEF discussed in section IV.B. The extended Rydberg functional form, although quite flexible, is not able to accurately fit the complicated many-body effects present in the data set with an effective two-body interaction.
An analytic fit to the accurate two-body interaction allows for a systematic study of the effectiveness of the various functional forms discussed in section III in modeling manybody effects. First, the ER2 two-body PEF was paired with three of the three-body terms from section III.D: the AT term in eq 64, the extended AT (EAT) approach in eq 61, and the general three-body term of Murrell (CoxJM) shown in eq 67. Parameters for the three-body terms were obtained by minimizing the error in eq 8 while keeping the parameters for the two-body interaction fixed at their ER2 values. Cutoff functions were introduced into the three-body terms, as shown in eq 72, with a cutoff distance of 6.5 Å. The range parameter ∆ in eq 70 was allowed to vary. (Note: The highly flexible three-body term in the CoxJM functional form gives unphysical oscillations in the cohesive energy as a function of lattice constant when parametrized using the present data set and the accurate two-body interaction. We therefore truncated eq 67 at terms that are second-order in the bond distances; i.e., c 4 , c 5 , and c 6 were set to zero. The resulting optimized total MUE for the CoxJM PEF did not change significantly, and oscillations in the bulk cohesive energy curve were reduced. We also leave out the damping function in eq 69 due to the inclusion of the cutoff functions.) The MUEs for these many-body PEFs are shown in Table 7 where the PEFs are labeled ER2+AT, ER2+EAT, and ER2+CoxJM. Parameters for these many-body PEFs are tabulated in Table 8 .
The AT term, paired with the accurate two-body curve, reduces the average error in the cluster data by ∼37% (as compared with the ER2 PEF) but does not provide quantitative accuracy. The addition of the next-leading term (as in the EAT PEF) has a negligible effect on the results. The three-body term of Murrell and co-workers (CoxJM) is highly flexible and reduces the error in the cluster data by 72% to 0.16 eV/atom.
Next we consider the general embedded atom function (GEA) given in eq 32 as well as the more complicated embedding functions of Mei and Davenport (MeiD) shown in eqs 38 and 39 and Mishin et al. (MisFMP) shown in eqs [45] [46] [47] . Note that the embedding function contains two-body interactions. We wish to isolate the embedding function's ability to model many-body effects, so the two-body part of the embedding function is subtracted from the full embedding function; e.g., the manybody part of eq 32 is Cutoff functions were added as in eq 73 with a cutoff distance of 6.5 Å. The many-body part of the GEA, MeiD, and MisFMP PEFs were combined with the accurate two-body expression ER2, and the many-body and cutoff range parameter were optimized, holding the two-body parameters fixed. The MUEs for the optimized ER2+GEA, ER2+MeiD, and ER2+MisFMP PEFs are given in Table 7 , and the optimized parameters are tabulated in Table 8 .
The optimized GEA many-body term has an average MUE for the cluster data of 0.075 eV/atom with smaller errors for the larger clusters and the bulk data. The MisFMP and MeiD PEFs, although they have more adjustable parameters, do not perform as well as the simpler GEA form.
Finally, we consider the screening, bond angle, and coordination number many-body functions introduced in section III.B as implemented using eq 20 and the extended formalism in eq 21 and using the ER2 two-body interaction. Linear scaling is introduced using eq 70 with a cutoff distance of 6.5 Å. Parameters for all of the many-body PEFs are tabulated in Table  8 . [When the extended formalism is used (eq 21), the parameters for U′ 2 are denoted with primes in Table 8 .] The MUEs for these PEFs are given in Table 7 .
Five of the six functional forms designed to model specific many-body effects (i.e., the S, ES, EBA, CN, and ECN functional forms) perform well overall; the sixth, BA, term performs poorly, but the remaining five terms all have an average MUE for the cluster data that is less than ∼0.10 eV/ atom. The CN term gives the smallest error for the bigger clusters (which have the largest contribution to their total energies from coordination effects), whereas the error for the S term is more evenly distributed. The BA function, which was designed to be more flexible than the screening function, does not predict an accurate bulk cohesive energy and is much less accurate overall than the simpler S function. The extended version of the S functional form involves six additional parameters but does not significantly improve the error in the cluster data. The extended version of the BA functional form, however, greatly reduces the error. This result may be interpreted to indicate that the functional form of the S term is physically motivated, whereas the BA term is not. The extended version of the CN term shows a modest improvement over the CN term for the smaller clusters. We developed and evaluated several PEFs in which the accurate ER2 two-body term was combined with two or more of the many-body effects discussed above. The most accurate PEF that consisted of the ER2 two-body term in combination with the EA and one other many body term is the ER2+EACN PEF, where These errors and parameters for the ER2+EACN PEF are listed in Tables 7 and 8, respectively. It is pleasing that the physically motivated and fairly simple S and CN functional forms are able to modify the accurate twobody interaction such that the overall errors are on the order of the best optimized PEFs discussed in section IV.D and that the trends in the errors for the cluster data support their physical interpretation. Therefore, we combine the S and CN approaches and define two new many-body PEFs. Specifically, the two terms may be combined multiplicatively as in the SCNm PEF, where or additively as in the SCNa PEF, where Note that both the SCNm and SCNa methods may be implemented with both U 2 and U′ 2 set equal to the accurate ER2 two-body interaction (these two PEFs are labeled ER2+SCNm and ER2+SCNa), or with U 2 equal to the ER2 two-body interaction and with U′ 2 allowed to vary during fitting (these two PEFs are labeled ER2+ESCNm and ER2+ESCNa). The MUEs for these four new PEFs are included in Table 7 , and the optimized parameters are in Table 8 .
In general, the four PEFs show reduced errors as compared with the PEFs that include only one or the other of the S or the CN function. The ER2+ESCNa PEF is the best overall of the PEFs featuring an accurate two-body interaction with a total MUE of 0.047 eV/atom, a MUE for the cluster data of 0.054 eV/atom, and a MUE for the bulk data of 0.001 eV/atom. To verify the validity of the extrapolation in eq 1, the energies of 
U′ 2 (R R )(1 -f R CN ) (77) ER2+ESCNa PEF. The bulk cohesive energy estimated using eq 1 (3.43 eV) agrees well with the bulk cohesive energies computed from a least-squares fit to all 27 data points (3.44 eV) and from a least-squares fit including only those clusters whose cohesive energies differ from the limiting value by less than 50% of the difference between the limiting value and the cohesive energy of Al 13 (3.42 eV) .
Finally, we tested the effect of allowing the two-body term to vary in addition to the three-body terms for all of the PEFs in Table 7 . This strategy resulted in slightly smaller overall errors for some of the PEFs. The "best" PEFs had errors comparable to or slightly larger than those for the ER2+ESCNa PEF, and so we do not consider this approach any further.
Overall, the best analytic PEF for aluminum clusters is the ER2+ESCNa PEF, which features linear scaling, physically motivated screening and coordination number terms, an average error of 0.05 eV/atom in the cluster data, and accurate twobody and bulk limits.
It is interesting to compare the performance of the methods examined here to the performance of semiempirical molecular orbital methods of the neglect-of-differential-overlap and tightbinding types, as studied in ref 11 . That reference, which used a representative subset of the present test set, found mean unsigned errors per atom of 0.25-3.64 eV for the six methods tested, and only AM1 72, 73 had a mean unsigned error per atom of less than 0.41 eV. The methods examined here have mean unsigned errors per atom that are 5 and 8 times more accurate than the best (AM1) and second best (MSINDO 74, 75 ) of these standard molecular orbital methods, respectively. Furthermore, the molecular orbital methods are ∼9000 (AM1) and ∼20000 (MSINDO) times more expensive than the analytic PEFs for a single Al 13 energy calculation, and relatively even more expensive for larger systems.
V. Conclusions
Several potential energy functions (PEFs) from the literature that have been previously parametrized for aluminum have been collected and tested using a data set composed of 224 aluminum cluster energies and the FCC cohesive energy and lattice constant. Several different functional forms were tested, including pairwise additive (PA), nonpairwise additive (NPA) with two-and three-body terms, and embedded atom (EA) PEFs. The two best literature PEFs have total mean unsigned errors (MUEs) averaged over the clusters in the test set of 0.12 eV/ atom.
All of the PEFs from the literature have been reparametrized against the data in the test set, resulting in five PEFs with MUEs for the cluster data of less than 0.10 eV/atom. Pairwise additive PEFs are incapable of modeling the complicated many-body effects found in clusters of various sizes. The best literature PEF with an explicit three-body term includes the general polynomial form of Murrell and co-workers and has a MUE for the cluster data of 0.10 eV/atom. The widely used LennardJones two-body term coupled with the Axilrod-Teller dispersion term is incapable of accurately modeling aluminum clusters and has a total MUE of 0.25 eV/atom. The reparametrized embedded-atom PEFs perform well, and the best reparametrized EA PEFs have MUEs of 0.06 eV/atom.
Finally, a systematic study of the ability of various functional forms to model many-body effects has been presented. An accurate fit to the diatomic molecule is presented and is used to test the ability of several functional forms to correct the twobody interaction in the presence various atomic environments.
The AT term is shown to be inaccurate for aluminum clusters in this context as well. The screening function of Ho et al. and the newly presented coordination number function both perform well, and the results indicate that these functions incorporate the important physical features. The best analytic potential overall has a MUE over the cluster data of 0.05 eV/atom and includes screening and coordination number effects, linear scaling, and accurate two-body and bulk limits. This PEF, labeled ER2+ESCNa, would be very efficient for dynamics simulations of Al clusters, nanoparticles, and solids.
